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Examination (15%)

This sample has been compiled by the QCAA to assist and support teachers in planning and
developing assessment instruments for individual school settings.

Assessment objectives

This assessment instrument is used to determine student achievement in the following

objectives:

1. select, recall and use facts, rules, definitions and procedures drawn from all Unit 3 topics
2. comprehend mathematical concepts and techniques drawn from all Unit 3 topics

3. communicate using mathematical, statistical and everyday language and conventions

4. evaluate the reasonableness of solutions

5. justify procedures and decisions by explaining mathematical reasoning

6. solve problems by applying mathematical concepts and techniques drawn from all Unit 3

topics.
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Subject Mathematical Methods Instrument A2

no.

Technique Examination
Unit 3: Further calculus
Topic 1: The logarithmic function 2

2: Further differentiation and applications 2

3: Integrals
Conditions
Response Short response
type
Time Paper 1: 60 minutes Perusal 5 minutes (Paper 2)

Paper 2: 60 minutes

Other ¢ QCAA formula sheet
e Non-CAS graphics calculator

Instructions

e Show all working in the space provided.
o Use a black or blue pen.
o Use of a non-CAS graphics calculator is permitted in the technology-active paper only.

Criterion Marks allocated Result

Foundational knowledge and problem-solving

Assessment objectives 1, 2, 3, 4, 5and 6 15

Paper 1 (technology-free) — total marks: 69

Question 1 (11 marks)

Solve each equation below:

a. x =logs 36 61’: '36 % x :1

b.log,(4x-7) =2 =) fx -+ = 31- 9
Duxz=| =) »=H

p &
c. (e*—2)(e*-3)=0 e’ :2 ' (-d - g

> 3% = Ral2) o7 %= 2~ ()
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dlnx+n2-»=0 =) 10[1(2-1)] -0
= X(2-%)=) =D —xtir2x-l=o0

= yt2x+l=0o D (x-N*t=o

=) 2¢= |
Question 2 (16 marks)

Determine the derivative of the following functions:

a. f(x) = e* +sin(2x)

fr)= e* ¥ Lcos(ex)

b. f(x) = eS"®
. sin (%)
f(= e . cos(x)

C. f(x) = cos®(x)

:(‘(1) = Zcth(x)[- Sm(m]

d. f(x) = x + xIn(x) (give solution in simplest form)

f(x)z |+ x-1 3 Lalx) = |4] +4a(n)

>
= 2+ L. (v)

e f(x) = % (give solution in simplest form) = Zx.[.’;' v:.= x 1‘4_ ; x
]
y ( (VR " -
fa)= uv-uv’ 2, v' = 2x373
2

Vv
= 2(x¥3a) - (2x43)"

(x "+ 3Ix) L
2t + t 9
r & G2 - Yx - j2% —

)

—
B L
(%43 2)
= - 2xt-~ 6 -9
(Y30
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Question 3 (11 marks)

Determine the exact value for each of the following definite integrals (give the solutions in simplest form):
393 3
a [fatdx = [u p'a ] - Y- ‘}3 Lf [
— ' - -—
7 C——

T y9- 22 o448 (03'-1 ’
3 ° 3 -

—

2 2t - r X Z
b lsetrea = [é'e ‘ ;. + t't—"i ] o
= 73 u- u

e 3+

W

= 3eq_l

C. foz xi; dx by considering the derivative of f(x) = In(x? + 4)

We Whave fi(x)= 2x

1 x4+ Yy
Se (A% dr = 9 Pt 2x_ 4=
§°‘W So a4y

’2[ln(u‘+#)]: = 2( £ (z)-I,.(qJ}Zln(‘t?)

Question 4 (7 marks) - LI () (l)
=f{a(4)

The model for the average height of a eucalyptus tree is given below:

H=6+6log;t, t > 1where t =time in years, and H is the height in metres.

Determine:

a. the height of the tree after one year (give solution in simplest form)

H() = 6 +6legs() = 6+ 0O = 6~

b. the time it takes for the tree to reach a height of 18 metres.

19 = 6+6log4(¢) =2 &= 3% = 1 es
=) 12 6 (o9 3¢¢)

=) 1= ‘D"; (¢)
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Question 5 (6 marks)

A particle moves along the x-axis with position at time ¢ given by x(t) = e’ sin(¢t) for 0 < t < 2x. Calculate
each time t for which the particle is at rest.

fotﬂ'\'dl ot rest = Veloc.'{-y:o —>) x'(+)=o
2'(t) = ebsinle) + eebg)(é) se &) = o
=) C*fgf»(é)to,\(é)}:o =) sinlt) tcosE) =O
Sive e€>0 VE

See poge Ledov For  sala.

Question 6 (6 marks) W= R (ZX) V=x
@,xﬂ). U":‘}__‘:.l V"I
(‘|(‘x) - U'\l" uv, 2 xX

V’L

= :,"“JL - An(2x) - |- /ev\(Z‘)()
x )‘_‘L
(

=0 4= |-tn(2) =0

<D /(V\(Zu) =

L=) 2x =€

= x=e/y

See second L29e Lebow

Determine the coordinates of the maximum point of the function f(x) =
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How +o <olwe Sialt)+ Costt) = 0 2

We cet LHS = Rs(-6)
R sial€) c23(9) - ﬁan(G)a; l,t)

Equoting  (oeffs

Reos(®) = | Q)
-Rsin(e) =\ =  gsale) =-1 @
@ < Q: tonle) = - '%“2
-=> - = 2 Srace Con Cﬂ/l-l) = !
© Y wd bon [( an odyl Hmc,ls',,.]

Sb ko @ . R 003(’1‘_:) oy

-) ’'a oS
2eos (7)) = B:wﬁ

‘) R . \?-i = |

= rZ = \rz

SO ﬁSlﬂ(.é+ ")

> calb+ 5)=0

= ¢+ g = n0 (h&Z)



= -~ ,-m, O, T 2T 3T ..

D £ - ..., -ST -7 3T T T
’ / / —_ / om— —
“ '-‘ L' L} ' q P

Now, we frow Q< ¢ 2T So +he

0nly valid solvReas ove

o 3 3m

CL\chn'ly For moOx:
When 22 ¢, faa) = An (2- </2)

= In(®

r2
: -— : O‘? o«
e 36

When x= %_,‘O.I, Fa) = ,(n(e-o-’L)

€
—2"’0"

Y 0 %33 <O73¢
When %= S+ fex) =
LY O, (x) = b(& 4—0,2) ~ (). 75Y



e 1\ . €/ +0.1 <O F%
( 2/ ¢) (5 A  maximum
Question 7 (5 marks)

The spread of a flu in a certain school is modelled by the equation P(t) = % where P(t) is the total
number of students infected after t days.

Given that the population at day 3 is 50, determine the rate the flu is spreading at this time.

P(€)= oo (1 +g¥-¢)” _
= P't) = oo (- (1+e¢) 2 (-e" ¢)

P(3)=so > 6o0-= \oo(HeL';)-'
= -_LL—, a + cb°3)-‘ =) 2= | +e
D 1zt D b-3=0 D L=2
S> P(3)= -too (1+€°) (-e°)

= -loo % #x -t = 245 shdub/o(a}'

Question 8 (7 marks)

(-3

A particle is moving on a straight line. Velocity varies with displacement according to the rule v = V4 + 4s,
where v is velocity in ms~'and s is the displacement in metres.

Calculate the displacement at t = 2 if the initial displacement is 0. ) 'e‘} '% = ) _,, S

1/
oo% = (ueus)™ T 20045y gy s as

When t=0, S=o0 =H \(lrg = O+rc=Dcs)

collEs bl D ps = (64)T
= s=(¢+)¥-)1 = Er+ ¢
V"l\tn E=2, = 44+4 = B
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Paper 2 (technology-active) — total marks: 56

Question 1 (11 marks)

Sketch f(x) = @ indicating important features, including:
a. the domain 7— > o
b. the x- and y-intercepts j/n (‘x,) =0 '—é X = '

c. intervals on which the function is increasing and decreasing '."-¢ (0, e ) de‘ Celm)

ocal maxima and/or minima e V
d. local o (e, e) ob 22O, I»on’i»“" ot v,o

e. horizontal and vertical asymptotes. veér Hm.

f'()t) = u'v-v'u w =Hnix) W

vt n'= B oo o
l
- /;")‘ - lh(x) - "»eh(i‘)
Az nt

J:'(l) o & lnx) =l ¢= xr=e

f‘(x)bo whe~  Ln(x) > {=D 1>e

So F is I'nc,/lot&"'j ©A (O, e ) ond
MICOSfAj on e, Dﬂ)

(e, L) s o max
KI\OV\’ 4!\2‘_) > O Fo- x 2 ‘/ but

’ .
F deceea SI\'\J on ( e, oo) > hor 2onkg|
mDN[’H‘ (“’ L=, COH = o)
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Question 2 (8 marks)

The number of rabbits increases according to the model n(t) = Ae®t, where t is time in years, n(t) is the
population size at time t, A is the initial size of the population and b is the relative rate of growth.

Rabbits were introduced to a small island eight years ago. The current rabbit population on the island is

estimated to be 4200, with a relative growth rate of_55°/ipery}_' L = 0 7 g

a. What was the initial size of the rabbit population?

4200 = Ae 25578 = A.e"‘-“
=D A= G2ooe Y % 5% roblits

b. Estimate the population 12 years from now. $-} l'l, - Lo

n(10)= S2e° %% %

6 \
v« Ix10 (abllts

c. Determine when the population is increasing at a rate of 250 000 rabbits per year.

n'() = Abelt
.SSt
= 52x0.55 x e%°
- 23-6e,o°$“
STt
250 Q0o = 2%.¢ cos
- 0-55t _ 9250 o000
= e - 2%-6
= p.sst = Qn(r3222
236
|

8 - —— lgo 000 :\:
€ o-ssb‘ Z3.b b qrs
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Question 3 (4 marks)

In the figure below, f(x) and g(x) intersect at O and B.

If f(x) = 2e* —3x and g(x) = —3e™* + x2? + 3, find the area of the region bounded by f(x) and g(x).

T
;,;z;—"

-
- T
- P ~
J *= e
- ! o
R S x s 7 et —_fv-""" e
o
et
P
0. : 0.4 0.

ln the f¢3|'0~ e have ﬂ(l) 2 P(oo)
So Acea = SOG 9(1)-—(:(1) d x

Find cCoods <F © l %

Ix = -3e 4 x' 43
» 27+ 3¢ -3x . 3 = O
Solve /\Vmen'cw%= XX 066, 1155
Se ©=(0.46 I.39)

B=1(.55 4.732)

Afla =
\.sS

N R “e ¥ 3x dx
O-66
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Question 4 (9 marks)

The velocity of a particle (metres per second) is given by v(t) = 672: — 5t —%
Determine:

a. the velocity of the particle after two seconds.

- (

V(l)-%— 10 — 3

= C,.q -0 m/
2

b. the acceleration of the particle after two seconds.

olt) = Vi(e) = 2e*° _ ¢ = ¥ 5

>

Sa) = el _s mpr

c. when the acceleration is positive.

alt) yo =) e“—? < 0

(.,3) e Le = S
£=> t > An(S)
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Question 5 (5 marks)

Calculate the value/s of x for which f(x) = In(3x —2) + 1 and g(x) = —4cos(0.5x) + 2,for1 < x <8
have the same gradients.

f'ao) = 2

ge" ,}_— = 2sia(0.5x)
Ja-t

ond  selue "”"""'(f‘ﬂbz

X% 1.4395...
x 6.093F...

(t@e,f Uvi‘-‘\,'n /mjg [¢x < %)
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Question 6 (8 marks)

Determine the line y=mx that divides the area under the curve y = 2x(2 — x) over [0, 2] into two regions of
equal area.

Justify all procedures and decisions by explaining mathematical reasoning.

Evaluate the reasonableness of your solution.

e Under . (* 4y g0
Clwrye o

("
<
=

r’
)

N
4
o

A
N
*
)
(\}

W
v, o0
|

Jaird
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(,Jc‘/t |U°kv.ﬂj to d,‘un‘a& th /(ﬂfo'\ Iaks
Fyo regions” cgeb  with  Ovea  \ig  yaiks’

P \I = MX

 —

©

(X

Suppa.u P, Fhe  poind of Inkercechion ’J)
l'ne X porakela,  hou cosds (K mk)

Thea wmk = 2k (2-k)

= m=22-k) = 2(2-k) = U-2k

o —

K.
Ond
K
SFL\U::‘:A = fo (4x-2x7) - (‘l-Lk) x dx

I

k.
jo L"L‘ZXl"L(x + 2k olx

-

(4
B So "2124- 2k x dx



"
vl

S kY ad  se k=13u

Hence  the  equabion of the Line s
Y= (4-2Jy)x

Check  reasonable @ use }ecAAoLm

Yo deleronine rdevont aresd



Question 7 (4 marks)

The velocity Vm/s of an object varies as the height h in metres from which the object is dropped as
shown in the following table:

h (m) 5 25 45 70 75
V(m/s) |17.9 40 53.6 55 69.3

One of the given values of V is incorrect. If log,, V is a linear function of log,, h, use a graphical method to
locate the incorrect value and determine a more appropriate value of V.

log(h) |0-644 |1-39% {1653 (1-84'S 1. 875
logtw) 1253 {1602 1724 |74 1 840

Plot  }he points U$ing 9(4,014,2;
Calulator, \ook for a shaght [ae:

(/] L3

0:5

e
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The yalue For h=7v ,arthCeJ t+he
Odleaks} reyidwal For  the  [rneer

feglc sson MOM-

TO du'e”"‘l;nc G mMmore a(‘a/ﬂ/)/iak Value,
we other valves For l'neor f€7r<55r’an

‘|’° @&ﬁﬂ‘a\k avlvalr\bn
l03(v)= 0.4475S 1090.) + 0.905]|
Now ,S./L h= +0 ond  §olve For Vf

@ exact yalve Slumed
. Aa.fg,\,b b~ ALt 09)

of ok stred ™ @l



Question 8 (7 marks)

Terry is an avid skier. The equation that best models his favourite run is given by H = 1.8¢™* + 0.43
where H is the height in kilometres above sea level and x represents the cross-sectional width of the run

in kilometres.
The run terminates at a place that is 1 km above sea level. The cover of snow on the mountain is

2 metres (assume this cover is constant across the entire run). If the run is 300 m wide, calculate the
volume of snow on the run.

Grraph (use  cale)

shoaded region = Movatan -sagw

/

F,'(sl., Ve F,‘nd the w-vilve
Wl\e,\ y= (a} e of roa)

So 15 ¢+ 0.43 =)
> A% l1yq9._

Now, the curve's lnev:gM /s
given in  km, so the added

he«‘ﬁH From SA0W /63“”’1 s
An |nlreage 0{ 0.002
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P 61vals'0n of the new Cucve 5
i (9¢ " + 043 t 00012
= 1.%e¢ 7 4 0.432

ﬂ\e UOSS-JCC‘h'Onal area (5
‘-/el\d °F [ Un

qu (4-H) dx

0 A iFlerence Letvenr fua

N
stort of rua With & without snoy

I-1494
SO 0'002 Ax_

I (4a 4
0.002 x ‘
o

1]

= 0-0023 |k
So the volume of the Saow IS the

C(w SeClh',p,\q, o/ éR /"\Ul'\'fll.(J Ly ILLQ
width of the cua (300 = O3 ke )

3
V= D-0023 X 0-3 = D.00b 69 kM



Examination marks summary

Paper 1
(technology-
free)

Simple
familiar (SF)

Complex familiar | Complex
unfamiliar (CU)

(CF)

1d. 4

2 16

3 11

4 7

5 6

6 6

7 5

8 7
Totals 4 21 7

Paper 2
(technology-
active)

Simple
familiar (SF)

Complex familiar | Complex

(CF)

unfamiliar (CU)

7 4
8 7
Totals 32 5 19
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Instrument-specific marking guide (ISMG)

Criterion: Foundational knowledge and problem-solving

Assessment objectives

select, recall and use facts, rules, definitions and procedures drawn from all Unit 3 topics
comprehend mathematical concepts and techniques drawn from all Unit 3 topics
communicate using mathematical, statistical and everyday language and conventions
evaluate the reasonableness of solutions

justify procedures and decisions by explaining mathematical reasoning

I e

solve problems by applying mathematical concepts and techniques drawn from all Unit 3
topics

The student work has the following characteristics:

¢ consistently correct selection, recall and use of facts, rules, definitions and
procedures; authoritative and accurate command of mathematical concepts
and techniques; astute evaluation of the reasonableness of solutions and
use of mathematical reasoning to correctly justify procedures and decisions;
and fluent application of mathematical concepts and techniques to solve
problems in a comprehensive range of simple familiar, complex familiar and
complex unfamiliar situations.

> 93% 15

> 87% 14

e correct selection, recall and use of facts, rules, definitions and procedures;
comprehension and clear communication of mathematical concepts and
techniques; considered evaluation of the reasonableness of solutions and
use of mathematical reasoning to justify procedures and decisions; and
proficient application of mathematical concepts and techniques to solve
problems in simple familiar, complex familiar and complex unfamiliar
situations.

> 80% 13

> 73% 12

e thorough selection, recall and use of facts, rules, definitions and procedures; 0
. " . >67% 11
comprehension and communication of mathematical concepts and
techniques; evaluation of the reasonableness of solutions and use of
mathematical reasoning to justify procedures and decisions; and application
of mathematical concepts and techniques to solve problems in simple >60% 10
familiar and complex familiar situations.

e selection, recall and use of facts, rules, definitions and procedures; > 53% 9
comprehension and communication of mathematical concepts and
techniques; evaluation of the reasonableness of some solutions using
mathematical reasoning; and application of mathematical concepts and > 47% 8
techniques to solve problems in simple familiar situations.

e some selection, recall and use of facts, rules, definitions and procedures; > 40% 7
basic comprehension and communication of mathematical concepts and
techniques; inconsistent evaluation of the reasonableness of solutions using
mathematical reasoning; and inconsistent application of mathematical > 33% 6
concepts and techniques.

e infrequent selection, recall and use of facts, rules, definitions and > 27% 5
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procedures; basic comprehension and communication of some mathematical
concepts and techniques; some description of the reasonableness of results; | > 20% 4
and infrequent application of mathematical concepts and techniques.

e isolated selection, recall and use of facts, rules, definitions and procedures; > 13% 3
partial comprehension and communication of rudimentary mathematical
concepts and techniques; superficial description of the reasonableness of

. . . . > 79
results; and disjointed application of mathematical concepts and techniques. % 2
e isolated and inaccurate selection, recall and use of facts, rules, definitions
and procedures; disjointed and unclear communication of mathematical > 0% 4
concepts and techniques; and illogical description of the reasonableness of
solutions.
¢ does not satisfy any of the descriptors above. 0
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